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ABSTRACT

Combination of magnetic �eld and internal heat generation e�ects on

double-di�usive convection in nano�uids layer is applied in the existence

of Soret and Dufour e�ects. The model employed for the nano�uids as-

sociates with the Brownian motion and thermophoresis. Linear stability

theory upon normal mode technique is used and the eigenvalue solution is

obtained by using the Galerkin technique. On the stationary convection,
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it is observed that the application of magnetic �eld stabilizes the sys-

tem while internal heat generation destabilizes the system. The analysis

also reveals that it is possible to delay the onset of convection through

nano�uids parameters in the system.

Keywords: Magnetic �eld, internal heat generation, nano�uids, Soret

and Dufour.

1. Introduction

Rapid development in these new engineered �uids called nano�uids have un-
covered an advance approach in the heat transfer mechanism due to its stability
in the research area that has attracted many researchers attention. The earliest
phenomenon observations of thermal conductivity enhancement in nano�uids
were reported by Masuda et al. (1993) and the term nano�uids has been pro-
posed by Choi (1995), a colloidal mixture of base �uids (nanoparticles �uids
suspensions) with a nanoparticles (1-100 nm) at the Argonne National Labora-
tory, U.S.A. Buongiorno (2006) investigated nano�uids, the engineered colloids
that made of base �uids and nano-sized particles. Seven slip mechanisms have
been considered that can produce a relative velocity between the nanoparticles
and the base �uids such as gravity, Brownian motion, inertia, thermophoresis,
Magnus e�ect, di�usiophoresis, and �uid drainage. They summarized and only
included the Brownian motion and thermophoresis slip mechanisms in nano�u-
ids model. Tzou (2008a) studied the case of stress free boundaries, meanwhile,
Tzou (2008b) investigated the combination of one free and one rigid boundary,
and the case of two rigid boundaries was brie�y discussed.

In these papers, the problems considered by Tzou (2008a,b) are revisited
with the goal of clarifying the physical mechanism involved in instability devel-
opment and extending the results to the mode of oscillatory thermal instability.
Linear stability analysis on the onset of convection in nano�uids layer upon nor-
mal mode technique of �nite depth was investigated by Nield and Kuznetsov
(2010) by using Buongiorno's model of nano�uids. For completeness, it is to
mention that a substantially di�erent treatment of Bénard problem for nano�u-
ids is given by Kim et al. (2004). These authors simply modi�ed three quantities
namely the thermal expansion coe�cients, thermal di�usivity and kinematic
viscosity that appear in the de�nition of Rayleigh number. Yadav et al. (2011)
studied the Rayleigh-Bénard convective instability in nano�uids for alumina-
water and copper-water. Meanwhile, Haddad et al. (2012) studied the onset of
natural convection heat transfer and �uids �ow of copper oxide-water nano�uids
using the Rayleigh-Bénard problem. Thermal instability of rotating nano�uids
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layer has been revised and analysed by Yadav et al. (2016).

The phenomena of double-di�usive convection is crucial in many practical
and theoretical studies for both non-Newtonian and Newtonian �uids. Cald-
well (1970) experimentally investigated the Rayleigh-Bénard experiment using
a salt solution. Hurle and Jakeman (1971) used a water�methanol mixture
on convective heat transfer induced by Soret in theoretical and experimental
investigation. The linear stability of experimental Soret convection in a water�
ethanol mixture under various boundary conditions has been investigated by
Knobloch and Moore (1988). The thermocapillary instability in binary �uids
on the onset of convection by considering the Soret e�ect with other physical
in�uences has been studied by Bergeon et al. (1998), Saravanan and Sivaku-
mar (2009), Slavtchev et al. (1999). In 2011, Nield and Kuznetsov (2011)
studied the linear instability theory on the onset of double-di�usive convection
in a horizontal layer of nano�uids. Kuznetsov and Nield (2010), Yadav et al.
(2012a,b), and Agarwal et al. (2012) investigated double-di�usive convection in
a porous medium permeated by nano�uids layer. The following authors, Ak-
bar et al. (2016), Chand and Rana (2015), added other e�ects to the system of
double-di�usive convection in nano�uids layer. Meanwhile, Khalid et al. (2017),
Mokhtar et al. (2017) examined the system of double-di�usive convection with
the e�ects of feedback control as well as rotation.

The study on the onset of convective instability with the e�ects of magnetic
�eld has attracted many researchers attention. Convection in horizontal layer
of electrically conducting �uids subjected to gravity and magnetic �eld is called
magnetoconvection. The cause of magnetoconvection is the combined e�ects of
buoyancy force and Lorentz force in the presence of a magnetic �eld which has
many important applications in physics and engineering. Chandrasekhar (1961)
showed the critical value of Rayleigh number can be increased through the use
of the e�ect of magnetic �eld and stabilized the system. The thermal instability
under the in�uences of increasing the value of magnetic �eld is possible to delay
the onset of convection Rama Rao (1980). Several authors claimed that the
e�ect of increasing the intensity of the magnetic �eld makes the system to
become more stable Maekawa and Tanasawa (1988), Rudraiah et al. (1984),
Wilson (1994). Yadav et al. (2013) and Gupta et al. (2013) investigated the
e�ect of the stabilizing magnetic �eld in nano�uids layer.

Thermal instability induced by internal heat source appears in numerous
physical problems and has been extensively investigated by many researchers.
The destabilizing e�ect of internal heat source has been investigated by Char
and Chiang (1994). The e�ect of increasing the internal heat generation on
Marangoni convection in a �uid saturated porous medium and superposed lay-
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ers of �uid-porous is found to advance the onset of convection Mokhtar et al.
(2009, 2010, 2011). These authors have added other e�ects with the e�ect
of internal heat source in their research investigation Bhadauria et al. (2011),
Capone et al. (2011), Friedrich and Rudraiah (1984). The application of the
combination e�ects of magnetic �eld and internal heat generation to the sys-
tem give evidences that magnetic �eld is always to stabilize the system while
internal heat generation is to destabilize the system Khalid et al. (2013), Yadav
et al. (2015).

This literature survey indicates that there is no other study has investigated
the combination e�ects of magnetic �eld with internal heat generation in the
presence of Dufour and Soret e�ects on the onset of double-di�usive convection
in nano�uids layer is considered. Three types of bounding surfaces (lower
boundary-upper boundary) are considered in this investigation: free-free, rigid-
free and rigid-rigid. A linear stability analysis is performed upon normal mode
technique, and the eigenvalue is obtained by employing the Galerkin technique.
Numerical computations of the various relevant parameters are computed by
Maple software and presented graphically.

2. Mathematical Formulation

The Cartesian coordinates (x, y, z) are used, where the z-axis points ver-
tically upward. Consider a horizontal nano�uids layer of thickness L con�ned
between the planes z∗ ∈ [0, L], subjected to uniform vertical magnetic �eld,
h= (0, 0, h∗0), internal heat generation G∗0 and double-di�usive coe�cients as
shown in Figure 1 are examined. The temperature, solute concentration, and
volumetric fraction of nanoparticles at the lower and upper walls are denoted
by T ∗l , C

∗
l , φ

∗
l at z = 0 and T ∗u , C

∗
u, and φ

∗
u at z = L, respectively. The ap-

plicable governing equations to describe the Boussinesq �ow under this �gure
and model below.
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Figure 1: Physical con�guration.

The model are

∇∗ · V ∗ = 0, (1)

ρl

[
∂V ∗
∂t∗ + (V ∗ · ∇∗)V ∗

]
= −∇∗p∗ + µ∇∗2V ∗ + µe

4π (h∗ · ∇∗)h∗ +

g [φ∗ρp + (1− φ∗)ρl [1− αT (T ∗ − T ∗l )− αC(C∗ − C∗l )]] , (2)

ρc
[
∂T∗

∂t∗ + (V ∗ · ∇∗)T ∗
]

= κ∇∗2T ∗ + ρc
[
DTC∇∗2C∗

]
+G∗0 +

ρpcp

[
DB∇∗φ∗ · ∇∗T ∗ + (DT

T∗u
)∇∗T ∗ · ∇∗T ∗

]
, (3)[

∂C∗

∂t∗ + (V ∗ · ∇∗)C∗
]

= DCT∇∗2T ∗ +DS∇∗2C∗, (4)[
∂φ∗

∂t∗ + (V ∗ · ∇∗)φ∗
]

= DT

T∗u
∇∗2T ∗ +DB∇∗2φ∗, (5)[

∂h∗
∂t∗ + (V ∗ · ∇∗)h∗

]
= (h∗ · ∇∗)V ∗ + η∇∗2h∗, (6)

∇∗ · h∗ = 0, (7)

where V ∗ = (u, v, w) as velocity, ρl as nano�uids density at the reference tem-
perature T ∗l , t

∗ as time, p∗ as pressure, µ as viscosity, µe = φ∗µep+(1−φ∗)µef
as magnetic permeability, h∗ = (hx, hy, hz) as magnetic �eld, g as gravitational
force, φ∗ as volumetric fraction of nanoparticles, ρp as nanoparticles mass den-
sity, αT as thermal volumetric coe�cient, T ∗ as temperature, αC as solutal
volumetric coe�cient, C∗ as solute concentration, ρ as density, c as speci�c
heat, κ as nano�uid's thermal conductivity, G∗0 as uniform internal heat gen-
eration, DTC as Dufour di�usivity, cp as speci�c heat of nanoparticles, DB as
Brownian di�usion coe�cient, DT as thermophoretic di�usion coe�cient, DS

as solutal di�usivity, DCT as Soret di�usivity and η = φ∗ηp + (1 − φ∗)ηf as

Malaysian Journal of Mathematical Sciences 401



Khalid, I. K. and et al.

electrical resistivity and the subscript p and f denotes as particles and �uid
state.

In the steady state, the upper surface of the nano�uids layer is �at and station-
ary. Following Char and Chiang (1994), the pressure and temperature �elds
are

p∗(z) = p∗l − ρl
[
1 + αz∗∆T∗

2L − αL∆T∗

2L

]
g(z∗ − L), (8)

T ∗(z) = T ∗l −
G∗0
2κ z
∗2 +

G∗0L
2κ z∗ − ∆T∗

L z∗, (9)

where p∗l as reference pressure, and ∆T ∗ as temperature di�erence across the
�uid layer. Then, Equations (1)-(7) are nondimensionalized using the following
de�nitions:

(x, y, z) = x∗,y∗,z∗

L , p = L2 p∗

µαf
, t = αf

t∗

L2 , T =
T∗−T∗l

∆T∗ , φ =
φ∗−φ∗l
φ∗u−φ∗l

,

(u, v, w) = Lu
∗,v∗,w∗

αf
, C =

C∗−C∗l
∆C∗ , (hx, hy, hz) =

(h∗x,h
∗
y,h
∗
z)

h∗0
, (10)

where αf = κ
ρc as thermal di�usivity.

Substituting Equation (10) into Equations (1)�(7), the following nondimen-
sional variables are obtained:

∇ · V = 0, (11)

1
Pr

[
∂V
∂t + V · ∇V

]
= −∇p+∇2V −Rmêz +RaT êz + Rs

LeCêz −

Rnφêz +H Pr
Pm (h · ∇)h, (12)[

∂T
∂t + V · ∇T

]
= ∇2T + NB

Ln∇φ · ∇T + NANB

Ln ∇T · ∇T +Df∇2C +

[Q(1− 2z)− 1]w, (13)[
∂C
∂t + V · ∇C

]
= 1

Le∇
2C + Sr∇2T, (14)[

∂φ
∂t + V · ∇φ

]
= 1

Ln∇
2φ+ NA

Ln∇
2T, (15)[

∂h
∂t + V · ∇h

]
= (h · ∇)V + Pm

Pr ∇
2h, (16)

∇ · h = 0, (17)

where Pr = µ
ραf

as Prandtl number, êz= (0, 0, 1) as unit vector in the z

direction, Rm =
[ρpφ

∗
l +ρ(1−φ∗l )]gL3

µαf
as basic-density Rayleigh number, Ra =

ρgαTL
3∆T∗

µαf
as thermal Rayleigh number, Rs = ρgαCL

3∆C∗

µDs
as solutal Rayleigh
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number, Le =
αf

Ds
as Lewis number, Rn =

(ρp−ρ)(φ∗u−φ
∗
l )gL3

µαf
as nanoparticle con-

centration Rayleigh number, H = d2 µefh
∗2
0

4πρηfµ
as Chandrasekhar number, Pm =

µ
αfη

as magnetic Prandtl number, NB =
(ρc)p
(ρc)f

(φ∗u − φ∗l ) as modi�ed particle-

density increment, Ln =
αf

DB
as nano�uid Lewis number, NA = DT ∆T∗

DBT∗u(φ∗u−φ∗l )

as modi�ed density ratio, Df = DTC∆C∗

αf∆T∗ as Dufour parameter, Q =
G∗0L

2

2κ∆T∗ as

internal heat generation and Sr = DCT ∆T∗

αf∆C∗ as Soret parameter.

The upper boundary is assumed to be nondeformable and the basic state
of the nano�uids is quiescent (at rest) with temperature, solute concentration,
and volumetric fraction of nanoparticles varying only in the z direction, that
is, a basic state solution of the form

(u, v, w) = (0, 0, 0), p = pb(z), T = Tb(z), C = Cb(z), φ = φb(z),h = êz. (18)

Let the basic state be disturbed by an in�nitesimal thermal perturbation.
We now superimpose perturbations on the basic solution. We write

V = V ′, p = pb(z) + p′, T = Tb(z) + T ′, C = Cb(z) + C ′,

φ = φb(z) + φ′,h = êz + h′. (19)

We substitute Equation (19) into Equations (11)�(17) and linearise them
by neglecting the products of primed quantities. The following equations are
obtained when Equation (18) is used:

∇ · V
′

= 0, (20)

1
Pr

∂V
′

∂t = −∇p′ +∇2V
′
+RaT

′
êz + Rs

LeC
′
êz −Rnφ

′
êz +

H Pr
Pm (∂h

′
∂z ), (21)

∂T
′

∂t − [Q(1− 2z)− 1]w
′

= ∇2T
′
+ NB

Ln

[
∂T
′

∂z −
∂φ
′

∂z

]
− 2NANB

Ln
∂T
′

∂z +

Df∇2C
′
, (22)[

∂C
′

∂t − w
′
]

= 1
Le∇

2C
′
+ Sr∇2T

′
, (23)[

∂φ
′

∂t + w
′
]

= 1
Ln∇

2φ
′
+ NA

Ln∇
2T
′
, (24)

∂h′
∂t = ∂w′

∂z êz + Pm
Pr ∇

2h′, (25)

∇ · h′ = 0, (26)
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Applying êz· curl curl to Equation (21) and using the identity curl curl =
grad div - ∇2, together with Equation (20) and Equation (26), then, combined
the resulting Equation (21) with Equation (25), thus, we obtain[

∇4 − 1
Pr

∂
∂t∇

2
]
w′ + Rs

Le∇
2
PC
′ −Rn∇2

Pφ
′ +Ra∇2

PT
′ −

H Pr
Pm

∂
∂z (∂w

′

∂z −
∂h′z
∂z ) = 0, (27)

where ∇2
P is the horizontal two�dimensional Laplacian operator.

The proposed normal mode representation is as follows:

(w′, T ′, C ′, φ′) = [W (z),Θ(z), η(z), φ(z)] e[i(axx+ayy)+σt], (28)

where (ax, ay) is the wavevector in the (x, y) plane, a2 = a2
x + a2

y is the square
of the wavenumber, and σ is the growth parameter.

Substituting Equation (28) into Equations (22)�(24) and (27) neglecting
the terms of the second and higher orders in the perturbations, we obtain(

D2 − a2
)2
W − a2RaΘ− a2Rs

Leη + a2RnφW −HD2W = 0, (29)

[1−Q(1− 2z)]W +
[
D2 − a2 + NB

LnD − 2NANB

Ln D
]

Θ− NB

LnDφ+

Df(D2 − a2)η = 0, (30)

W + Sr(D2 − a2)Θ + 1
Le (D2 − a2)η = 0, (31)

W − NA

Ln (D2 − a2)Θ− 1
Ln (D2 − a2)φ = 0, (32)

where D = d
dz and a =

√
a2
x + a2

y is the wavenumber.

Equations (29)�(32) are solved subject to the appropriate boundary conditions
below.

For the lower free and upper free boundaries

W = D2W = Θ = φ = η = 0 at z = 0,

W = D2W = DΘ = φ = η = 0 at z = 1. (33)

For the lower rigid and upper free boundaries

W = DW = Θ = φ = η = 0 at z = 0,

W = D2W = DΘ = φ = η = 0 at z = 1. (34)
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For the lower rigid and upper rigid boundaries

W = DW = Θ = φ = η = 0 at z = 0,

W = DW = DΘ = φ = η = 0 at z = 1. (35)

The Galerkin�type weighted residuals method is applied to �nd an approx-
imate solution to the system. The variables are written in a series of basis
functions as

W =
n∑
i=1

AiWi,Θ =
n∑
i=1

BiΘi, η =
n∑
i=1

Ciηi, φ =
n∑
i=1

Diφi, (36)

where Ai, Bi, Ci, and Di are constants, and the base functions�Wi,Θi, ηi and
φi, and i = 1, 2, 3...�are chosen respective to the lower-upper boundary con-
ditions of free-free, rigid-free, and rigid-rigid:

W = η = φ = sin(zπ),Θ = z(2− z), (37)

W = z2(1− z)(3− 2z),Θ = z(2− z), η = φ = z(1− z), (38)

W = z2(1− z)2,Θ = z(2− z), η = φ = z(1− z). (39)

We substitute Equation (36) into Equations (29)-(32) and make the ex-
pressions on the left-hand sides of those equations (the residuals) orthogonal
to the trial functions, thereby obtaining a system of 4N linear algebraic equa-
tions with 4N unknowns. The elimination of the determinant of the coe�cients
produces the eigenvalue equation for the system. One can regard Ra as the
eigenvalue, and thus Ra is found in terms of the other parameters.

We perform integration by parts with respect to z for z ∈ [0, 1]. By using
the boundary conditions in Equations (37)�(39), we obtain a system of linear
homogeneous algebraic equations:

ajiWi + bjiΘi + cjiηi + djiφi = 0, (40)

fjiWi + gjiΘi + hjiηi + ijiφi = 0, (41)

kjiWi + ljiΘi +mjiηi + njiφi = 0, (42)

pjiWi + qjiΘi + rjiηi + sjiφi = 0. (43)

The above set of homogeneous algebraic equations can have a non�trivial
solution if and only if ∣∣∣∣∣∣∣∣

aji bji cji dji
fji gji hji iji
kji lji mji nji
pji qji rji sji

∣∣∣∣∣∣∣∣ = 0. (44)
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The eigenvalue has to be extracted using the characteristics of Equation (44).

3. Results and Discussions

The onset of magnetoconvection in rotating horizontal layer of nano�uids
with internal heat generation subjected to double�di�usive coe�cients is de-
veloped. The model used for nano�uids includes the combination e�ects of
Brownian motion and thermophoresis. Linear stability analysis is employed,
and the resulting eigenvalue, that is, the thermal Rayleigh number Ra pa-
rameter used to show the strength of buoyancy force, is extracted using the
Galerkin technique. Three types of lower�upper boundary conditions are con-
sidered for stationary convection: free�free, rigid�free, and rigid�rigid, respec-
tively. The bounded model of horizontal layer of nano�uids identi�es that both
thermophoresis and Brownian motion mechanisms enhanced the onset of con-
vection. The obtained results are presented graphically and are illustrated in
Figures 2-14.

To validate the accuracy of our numerical results, test computations are
performed for comparison with the results of Nield and Kuznetsov (2011) re-
garding the omission of the magnetic �eld H, internal heat generation Q, and
other relevant parameters. We �nd that the obtained critical Rayleigh number
Rac is equivalent to that in the earlier work Nield and Kuznetsov (2011), where
the values of Rac for lower�upper boundary conditions of free-free, rigid-free,
and rigid-rigid are 657.5, 1140, and 1750, respectively.

Figure 2 shows a visual representation of thermal Rayleigh number Ra
against wavenumber a for various values of the magnetic �eld, H = 10, 15,
and 20 under various horizontal boundary conditions. Based on the obser-
vation, the greater strength of magnetic �eld H increases the values of Ra.
This phenomenon causes a reduction in the rate Rayleigh-Bénard convection
and stabilizes the system. Meanwhile, Figure 3 shows the marginal stability
curves of di�erent values of the internal heat generation, Q = 3, 6, and 9 under
various horizontal boundary conditions. The induced internal heat genera-
tion decreases Ra, thus accelerating the onset of Rayleigh-Bénard convection.
Therefore, enhanced heat transfer to the system occurs more rapidly with the
induced internal heat generation as its e�ect increases the rate of disturbances
in the nano�uids layer and introduces chaos in the entire system.
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Figure 2: Ra against a for selected values of H.

Figure 3: Ra against a for selected values of Q.

Figure 4 depicts the marginal stability curves for the three types of bound-
ary conditions and various thermo-solutal Rayleigh numbers, Rs = 100, 200,
and 300, in double-di�usive nano�uids layer. Parameter Rs is de�ned as the
solute concentration within the �uid layer and the increase values of Rs have
a positive signi�cant impact on the stability of the nano�uids layer, where it is
found that Ra increases monotonically. This result reveals that heat transfer
within the nano�uids layer can be delayed when the amount of solute concen-
tration is greater than that of the solvent, leading to a decrease in the overall
temperature within the system. Therefore, Rs helps to stabilize the system.
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Figure 4: Ra against a for selected values of Rs.

Figure 5 shows the thermal Rayleigh number Ra against wavenumber a
for various positive values of the nanoparticles concentration Rayleigh number,
Rn = 1, 2, and 3, under various boundary conditions. Based on the de�nition

of Rn =
(ρp−ρ)(φ∗u−φ

∗
l )gL3

µαf
, it is found that the increase in Rn will increase

the volumetric fraction of nanoparticles, φ∗, this results in the combination of
Brownian motion and thermophoresis di�usion within the nano�uids layer that
enhanced the thermal instability and destabilizes the system.

Figure 5: Ra against a for selected values of Rn.

Figure 6 corresponds to the Rayleigh number Ra for NA = 1, 5, and 10
respectively. From the �gure, the values of Rayleigh number Ra decreases
only slightly with increasing of the modi�ed di�usivity ratio NA under three
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lower�upper boundary conditions.

Figure 6: Ra against a for selected values of NA.

Using the directly relationship between the parameter NA and the ther-
mophoretic di�usion coe�cient DT from NA = DT ∆T∗

DBT∗u(φ∗u−φ∗l )
, the increasing

in DT indicates instability in the temperature di�erence within the nano�uids
layer. Therefore, as NA increases, the thermal instability also increase and
destabilizes the system.

Two important types of interdi�usion in this problem; Soret Sr and Dufour
Df parameters are discussed brie�y (Figures 7 and 8). The visual represen-
tation of Ra versus a shows the obtained results for both e�ects under lower
free-upper free, lower rigid-upper free, and both rigid boundaries. Figure 7
depicts plots of Ra versus a for Sr = 0.2, 0.4, and 0.6. Ra clearly decreases as
the parameter Sr increases, thus increasing the rate of convection in the system
due to the increase in the temperature heat �ux. The e�ect of the Dufour pa-
rameter (Df = 0.2, 0.4, and 0.6, Figure 8) on the system is opposite to that of
the Soret parameter Sr. Increasing Df stabilizes the system because the Du-
four energy �ux increase the solute concentration by driving the mass gradient
within the system, thus delaying the Rayleigh-Bénard convection. Therefore,
both Soret and Dufour interdi�usion play important roles in the stability of
this system.
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Figure 7: Ra against a for selected values of Sr.

Figure 8: Ra against a for selected values of Df .

The presence of internal heat generation, Q = 3, 9 and Soret parameter,
Sr = 0.2, 0.6 to the system for di�erent values of magnetic �eld, H are plotted
in Figures 9 and 10. Both �gures show that the e�ect of magnetic �eld H
slightly increases the values of critical Rayleigh number, Rac for internal heat
generation Q and Soret parameter Sr. As expected the existence of magnetic
�eld H has a positive signi�cant e�ect to stabilise the nano�uid layer in the
presence of internal heat generation Q and Soret parameter Sr.
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Figure 9: Rac against H for selected values of Q.

Figure 10: Rac versus H for selected values of Sr.

The in�uence of Dufour parameter, Df and solutal Rayleigh number, Rs
to the Soret parameter, Sr are shown in Figures 11 and 12 respectively. In the
respective �gures, we observed that the critical Rayleigh number, Rac for the
di�erent values of Dufour parameter, Df = 0.0005, 0.05 and solutal Rayleigh
number, Rs = 100, 300 decreases with the increase values of Soret parame-
ter, Sr. Therefore, this observation shows that the increasing values of Soret
parameter advancing in the onset of convection in a nano�uid system.

Figure 13 shows the plot of critical Rayleigh number, Rac for various val-
ues of internal heat generation, Q = 3, 9 against the Dufour parameter, Df .
Clearly, the e�ect of internal heat generation, Q is known to hasten the onset of
convection, but the process can be slowed down by adding the e�ect of Dufour
parameter, Df .
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Figure 11: Rac versus Sr for selected values of Df .

Figure 12: Rac versus Sr for selected values of Rs.

Figure 13: Rac versus Df for selected values of Q.
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The interaction between the e�ect of nano�uid Rayleigh number, Rn on the
critical Rayleigh number, Rac with solutal Rayleigh number, Rs can be seen in
Figure 14. In the respective �gure, it is observed that the presence of nano�uid
Rayleigh number, Rn has a destabilizing e�ect where the increased values of
nano�uid Rayleigh number, Rn = 1, 3 decreased the critical Rayleigh number,
Rac. But by adding the e�ect of solutal Rayleigh number, Rs the process of
heat transfer can be delayed.

Figure 14: Rac versus Rs for selected values of Rn.

For all types of the lower-upper of free-free, rigid-free, and rigid-rigid bound-
aries, the rigid-rigid curves dominate the upper space of the graph in all of the
respective �gures. Obviously, the system is found to be more stable with rigid�
rigid boundaries than with free-free and rigid-free boundaries.

4. Conclusions

The onset of double-di�usive magnetoconvection in nano�uids layer with
internal heat generation in the presence of Soret and Dufour e�ects has been in-
vestigated analytically using linear stability theory. Three types of lower-upper
boundaries of nano�uids layer are considered for free-free, rigid-free and rigid-
rigid. The employed model for nano�uids combines the Brownian motion and
thermophoresis mechanism. Buongiorno (2006) stated that these mechanisms
were identi�ed as the fundamental mechanism to advance the heat transfer in
nano�uids layer system. The lower�upper bounding surfaces of the model sys-
tem have been considered for free�free, rigid�free and rigid�rigid respectively.
Linear stability analysis is used where the eigenvalue equation of the perturbed
state is obtained from a normal mode analysis. Then, the eigenvalue equation
is solved by applying the Galerkin method and computed numerically through
Maple software. The results can be summarized as below:
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1. The implementation of the e�ects of magnetic �eld, H, Dufour param-
eter Df and solutal Rayleigh number Rs is found to produce a lag on
Rayleigh�Bénard convection in nano�uids layer system when the values
of these parameters are increased thus stabilized the system.

2. The opposite outcome can be seen in the implementation e�ects of inter-
nal heat generation, Q, nanoparticles concentration Rayleigh number Rn
and modi�ed di�usivity ratio NA advances the onset of Rayleigh�Bénard
convection in nano�uids layer system when the values of these parameters
are increased thus destabilized the system.

3. Based on the obtained results, the system of lower�upper free�free, rigid�
free and rigid�rigid boundary conditions are found to be the most e�ec-
tively stable with rigid�rigid boundaries whereas free�free is found to be
the most unstable boundaries in the system.
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